Quadratic trigonometric polynomial curves with local bias are presented in this paper. The quadratic trigonometric polynomial curves have C 2 continuity with a non-uniform knot vector and any value of the bias, while the quadratic B-spline curves have C 1 continuity. The changes of a local bias parameter will only affect two curve segments. With the bias parameters, the quadratic trigonometric polynomial curves can move locally toward or against a control vertex. A quadratic trigonometric Bézier curve is also introduced as special case of the given trigonometric polynomial curves.
Introduction
Polynomial B-spline curves have been widely used on the grounds of flexibility and efficiency. In order to improve the shape of a curve and adjust the extent which a curve approaches its control polygon, some methods of generating curves were presented by using shape parameters, see [1, 2, 4, 8, 9] . It is important to study the spline curve representations that provide local control, that is, the capability of modifying one portion of the curve without altering the remainder. In [1, 2] , the Beta-spline curves, with four consecutive control points for each curve segment, were introduced in such a way as to preserve continuity of the unit tangent and curvature vectors at joints while providing bias and tension parameters. In order to obtain local control of bias and tension, a restricted form of quintic Hermite interpolation was used. In this way, the degree of the Beta-spline curves with local shape parameters is raised to degree 8.
Local control is inherent in the non-uniform rational B-spline (NURBS) formulation, see [3, 14] . The changes of a weight number in the quadratic non-uniform rational B-spline curves will affect three curve segments. We may interactively choose some weight numbers for a physically desired effect. For piecewise rational Bézier curves, we also need the continuity conditions on the control points.
The trigonometric splines can also be used for curve design, see [5] [6] [7] [10] [11] [12] [13] 15, 16] . However, there are only a few publications on trigonometric polynomial curves with shape parameters. The paper [5, 7] described the trigonometric polynomial curves with a global shape parameter. The paper [6] provided the C 2 continuous quadratic trigonometric polynomial curves. In this paper, we extend the work of paper [6] to with a local shape parameters and provide an additional means of manipulating a curve.
The present paper is organized as follows. In Section 2, the basis functions of the trigonometric polynomial curves are described and the properties of the basis functions are shown. In Section 3, we give the trigonometric polynomial curves and discuss the local control of the curves. In Section 4, quadratic trigonometric Bézier curves with bias are introduced.
Trigonometric polynomial basis functions

Construction of the basis functions
, for all possible i. Then the associated normalized trigonometric polynomial basis functions are defined to be the following functions:
The basis function (1) is piecewise quadratic trigonometric polynomial and contains the basis function in paper [6] as a special case for i = i+1 = 0.
It is worth noticing that the basis functions also make sense when knots are considered with multiplicity k 3. On these cases, we shrink the corresponding intervals to zero and drop the corresponding pieces. For example, if u i+1 = u i+2 is a double knot, then we define
For equidistant knots, we refer to the b i (u) and U = (u 0 , u 1 , . . . , u n+3 ) as a uniform basis function and a uniform knot vector, respectively. For non-equidistant knots, the basis function b i (u) and U are called non-uniform basis function and non-uniform knot vector, respectively.
Partition of unity and positivity
We discuss the partition of unity and the positivity of the basis functions as follows.
The theorem follows.
Theorem 2. For (1), if and only if
, and 
Since sin t 1 − cos t, we get
we can know that c i+1 (t) is decreasing for i . Thus,
Thus, when (2) holds, we get
and then
, and
If b i (u) > 0, then, when u approaches u i+3 sufficiently, we have
This gives the second expression in (2) 
Since cos t 1 − sin t, we get
To sum up, the theorem follows.
According to Theorem 2, if we set 
Continuity of the basis functions
The following theorem shows that the basis function (1) has better continuity than the quadratic nonuniform B-spline. 
is a double knot, then b i−1 (u) is continuous for
Proof. For u i = u i+1 , we have
For u i+1 = u i+2 , we have
For u i+2 = u i+3 , we have
From the above statements, we can see that the basis function b i (u) is C 2 continuous for simple knots, continuous for double knots and discontinuous for triple knots.
If
These give the continuity of b j (u), j = i − 1, i, i + 1.
When u i+1 = u i+2 is a double knot, we have u i = u i+1 , u i+2 = u i+3 and from Theorem 2 we need to set −1/2 i 1, is a double knot, we can set i = 1, i+1 = −1. We can also set i+2 = 1, i+3 = −1 when u i+3 = u i+4 is a double knot, and so on. 
Additional properties
Theorem 4. For any given
i , i=0, 1, . . . , n+1, the set {b 0 (u), b 1 (u), . .
. , b n (u)} is linearly independent on (u 0 , u n+3 ).
Proof. Let
s(u) = n i=0 r i b i (u) = 0 for u ∈ (u 0 , u n+3 ). From s(u) = r 0 b 0 (u) for u ∈ (u 0 , u 1 ), we have r 0 = 0. From s(u) = r 1 b 1 (u) for u ∈ (u 1 , u 2 ),
Theorem 5. The function b mi (u) has smallest support if and only if b mi (u) is of form (1).
Proof. Obviously, the conditions (a)-(c) cannot be satisfied by b 1i (u). Let
b 2i (u) = r 0j + r 1j sin t + r 2j cos t + r 3j sin 2t + r 4j cos 2t
we will make a contradiction for getting r lj , l = 0, 1, 2, 3, 4, j = i, i + 1. Therefore, the support of b mi (u) possesses at least three subintervals.
If let b 3i (u) = r 0j + r 1j sin t + r 2j cos t + r 3j sin 2t + r 4j cos 2t
Then, according to the conditions (a)-(c) and by a straightforward computation, we can deduce that b 3i (u) is of form (1). We particularly choose the parameters i and i+1 in (1) so that the parameters provide an additional means for generating a curve.
Quadratic trigonometric polynomial curves
Construction of the curves
Definition 2. Given points P i (i = 0, 1, . . . , n) in R 2 or R 3 and a knot vector U = (u 0 , u 1 , . . . , u n+3 ). Then
is called a quadratic trigonometric polynomial curve with local shape parameters. Obviously, for u ∈ [u i , u i+1 )(2 i n), the curve T (u) can be represented by curve segment
Moreover,
for i = 2, 3, . . . , n + 1. According to the proof of Theorem 2, if u i+1 ). Therefore, we will set
Analogous to the quadratic B-spline curves, the choice of the knot vector automatically determines the continuity of the trigonometric polynomial curves at each of the knots. From Theorem 3, we have the following theorem. If a knot u i has multiplicity k (k = 1, 2, 3) , then the trigonometric polynomial curves have C 2 continuity for k = 1 and C 2−k continuity for k = 2, 3 at this knot. If we set i = 1 and i+1 = −1 for a double knot u i+1 = u i+2 , then the trigonometric polynomial curves are C 1 continuous.
Theorem 6.
We can work on curve design analogous to using quadratic non-uniform B-spline curves. Usually, we choose the knot vector
so that the points P 0 and P n are points on the curves. By using local shape parameters, here we can also let 1 = −1/ 2 , n = 1/ n so that the points P 0 and P n are points on the curves.
In order to construct a closed trigonometric curves, we can extend the given points P 0 , P 1 , . . . , P n by setting P n+1 = P 0 , P n+2 = P 1 and let u n+4 = u n+3 + h n+2 , h n+2 = h 1 , n+2 = 1 (so that T (u 2 ) = T (u n+3 ), T (u 2 ) = T (u n+3 )), u n+5 u n+4 . Thus the parametric formula for a closed trigonometric curve is
where b n+1 (u) and b n+2 (u) are given by expanding (1).
Local control of the curves
Obviously, shape parameter i only affects two curve segments T i (t) and T i+1 (t) . From (5) and (8), we can also predict the following behavior of the curves. The parameter i serves to local control bias in the curves: altering the value of i moves the joint T (u i+1 ) between T i (t) and T i+1 (t) along the edge P i−1 P i of the control polygon. As i decreases, T (u i+1 ) moves toward P i−1 along the edge P i−1 P i and the curve T (u)(u ∈ (u i , u i+1 )) moves toward the edge T (u i )P i−1 . As i−1 increases and i decreases, the curve segment T i (t) moves toward the control vertex P i−1 with changed T (u i ) and T (u i+1 ). The effect of the bias parameter of the trigonometric polynomial curves (3) is clear. For the -spline curves introduced by Barsky, see [1, 2] , the bias and tension parameters were also provided. However, in order to allow distinct bias and tension parameters at each joint without destroying geometric continuity, a restricted form of quintic Hermite interpolation was used. Four control points were used for each -spline curve segment. Although the bias parameter of -spline curves controls the shape of the curves at the junction points between two polynomial pieces, it is not very clear to analyze.
According to Theorem 5, the trigonometric polynomial curve (3) is a general form of all C 2 quadratic trigonometric polynomial curves with three consecutive control points for each curve segment. Of course, it contains the trigonometric polynomial curve in the paper [6] as a special case for all i = 0. The local bias parameter provides new ways of manipulating a curve. Fig. 3 shows the open trigonometric polynomial curves with uniform knot vector and 1 =−1/ 2 , 7 = 1/ 7 such that the points P 0 and P 7 are points on the curves. The solid curves are generated by setting all i = 0 (except 1 and 7 ). On the left, the dashed curves are generated by changing 2 and 3 to 2 = −0.5 and 3 = 0.5, respectively. On the right, the dashed curves are generated by changing 6 to 6 = 0.5. Fig. 4 shows the closed trigonometric polynomial curves with uniform knot vector. On the left, the curves are generated by setting = (0.6, 0, −0.6, 0, 0, 0.6). On the middle, the curves are generated by setting = (0, 0, 0, 0.6, −0.6, 0). On the right, the curves are generated by setting = (−0.6, 0, 0.6, 0, 0, −0.6).
Quadratic trigonometric Bézier curves
It is well-known that Bézier curves can be introduced as special B-spline curves. We will introduce a quadratic trigonometric Bézier curve as special cases of the quadratic trigonometric polynomial curves. Let u i < u i+1 , u i and u i+1 be double points (u i is a triple point when i = 2 and u i+1 is a triple point when i = n), thus we have h i−1 = h i+1 = 0 and then
Obviously, Obviously, the end tangent behavior of the curve is analogous to the case of the quadratic Bézier curve. We call the corresponding trigonometric polynomial curve (4) as trigonometric Bézier curve. Now we consider the junction between two quadratic trigonometric Bézier curves. Let T (u) = 
